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We study the quantum confined stark effect (QCSE) characteristics in Gaussian quantum wells
(GQW). This special energy band profile is built varying the aluminum concentration of the
AlGaAs ternary alloy in Gaussian fashion. The semi-empirical sps" tight-binding model including
spin is used to obtain the energy Stark shifts (ESS) and the wave-function Gaussian spatial overlap
(GSO) between electrons and holes for different electric field strengths, quantum well widths and
aluminum concentrations. We find that both the ESS and the GSO depend parabolically with
respect to the electric field strength and the quantum well width. These QCSE characteristics show
an asymmetry for the electric field in the forward and reverse directions, related directly to the
different band-offset of electrons and holes, being the negative electric fields (reverse direction)
more suitable to reach greater ESS. Two important features are presented by this special energy
band profile: (1) reductions of the ESS and (2) enhancements of the GSO of tents to hundreds with
respect to parabolic and rectangular quantum wells. Even more, tailoring the quantum well width it
is possible to reach GSO of thousands with respect to rectangular quantum wells. Finally, it is
important to mention that similar results could be obtained in other quantum well heterostructures
of materials such as nitrides, oxides (ZnO), and SiGe whenever the confinement band profiles are

modulated in Gaussian form. © 2011 American Institute of Physics. [doi:10.1063/1.3662907]

. INTRODUCTION

Quantum confined stark effect (QCSE), the analog of
the Franz-Keldysh effect for uniform bulk semiconductors
and the Stark-effect for atoms, is an effect that arises when
an electric field is applied along the growth direction of a
quantum well (QW) heterostructure.! There are two impor-
tant characteristics of the QCSE: (1) a redshift of the energy
of the confined electron-hole pairs that results in a energy
Stark shift (ESS) in the excitonic absorption and (2) a reduction
of the oscillator strength and consequently a diminishing of the
transition probabilities. Both characteristics result from the sep-
aration of electrons and holes toward opposite sides of the
quantum well. As a result of such properties and the high inter-
nal quantum efficiency (IQE) of quantum well structures made
from III to V semiconductors such as GaAs and InP and their
alloys,'™ the QCSE has been widely used in electroabsorption
modulators for telecommunications.® However, these II-V
materials are difficult to integrate with electronic devices made
mainly with silicon. A relative new and interesting proposal for
silicon photonics’ is reported by Kuo and colleagues.® They
have demonstrated efficient QCSE characteristics in silicon-
based structures using strained Ge multiple quantum wells.
These characteristics resemble those of I1I-V materials with the
difference that the materials and fabrication processes reported
are totally compatible with the complementary metal-oxide
semiconductor (CMOS) technology.

Currently, there is also a lot of interest in reduce and
control the QCSE in solid state lighting (SSL) applications
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based on light emitting diodes (LEDs). These devices are
made mainly on materials that present internal electric fields,
as a result of strain-induced spontaneous and piezoelectric
polarization, such as Nitrides” ' (InGaN/GaN, GaN/AlGaN,
etc.) and recently on Oxides'®?! (ZnO/ZnMgO). In particu-
lar, InGaN-based quantum well devices present numerous
effects such as bandgap narrowing, blueshift of photolumi-
nescence with increasing excitation, modification of the os-
cillator strength for carriers, and nonuniform carrier
distribution. Effects that in most cases affects the efficacy
and efficiency (green gap and efficiency droop) of SSL devi-
ces. A common factor in all mentioned effects is the QCSE,
becoming the control of the latter a key technical issue of
critical importance in the improvement of SSL devices. The
different proposals to mitigate the QCSE in InGaN-based
quantum wells can be categorized as: (a) QCSE screening by
doping, (b) nonpolar epitaxial structures, (c) strain, field, and
band engineering, and (d) cubic nitride structures. However,
all these possibilities have endemic problems as for example
blocking effects of hole transport by Si doping, the
extremely high cost and tiny size of the substrates available
for the nonpolar and semipolar SSL devices and the high
cost of mass production of the cubic-phase nitride materials
for mention a few. For more details, the interested reader can
see the excellent review of Ryou and colleagues' (and refer-
ences cited therein).

Recently, another possibility based on the modulation
of the energy band profile of a quantum well has been
investigated.”>®® The main idea is to change the energy
band profile of electrons and holes by means of doping, stag-
gering and grading of the quantum wells in such a way that

© 2011 American Institute of Physics
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the electron and hole overlap increases. Graded quantum
wells seem to be reasonable if we take into account the
excellent experimental control that offers the current growth
techniques to obtain these structures. Han er al.*® have dem-
onstrated experimentally that multiple quantum well light-
emitting diodes with trapezoidal wells improve efficiency
droop at high current densities. The improvement is attrib-
uted to the increase of the IQE that result from a better
electron-hole overlap. From a theoretical stand point Wang
et al.*® and Yang e al.”’ have investigated graded quantum
well LEDs. They found spontaneous emission rates of asym-
metrically graded quantum wells three times larger than rec-
tangular case for various carrier densities® as well as
improvement of optical gain and higher polarization degree
in triangular shaped quantum well.?’

In this work, we study theoretically the differences of
the QCSE characteristics of the Gaussian quantum wells
(GQWs) with respect to the parabolic (PQWs) and rectangu-
lar ones (RQWSs). We aim to understand how this special
energy band profile (GQWs) influences the mentioned char-
acteristics for different applied electric fields and quantum
well widths. For this purpose we study a simple but illustra-
tive III-V AlGaAs system for which the aluminum concen-
tration is varied in Gaussian, parabolic, or rectangular form
resulting in energy band profiles of the same shape of the
aluminum concentration.

Il. METHODOLOGY

The quantum well system we are interested in is com-
posed of two homogeneous AlGaAs regions of fix aluminum
concentration (reference concentration) that sandwiched an
inhomogeneous region with varying aluminum concentration.
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The aluminum concentration of the inhomogeneous region is
varied according to a specific functional rule, in our particu-
lar case of Gaussian form which turns out in conduction and
valence band edges with the same functional dependence,
Fig. 1(a), due to the linear relation between the energy band-
edge and the aluminum concentration. If an electric field is
applied along the growth direction of the inhomogeneous
slab the resulting energy band-edge profiles for electrons and
holes will tilt due to the linear dependence of the external
potential with respect to the applied electric field and the
growth direction, Fig. 1(b).

We have treated the mentioned system within the lines
of the semi-empirical sp’s  tight-binding model including
spin.! The surface green function matching method
(SGFM) (Ref. 32) and the transfer matrix>> approach have
been used to obtain the electronic structure through the rela-
tion between the local density of sates (LDOS) and the Green
Function

1
LDOS(E,k,n) = ——Im Tr G(E, k,n), (1)
T

where the Green Function G can be obtained knowing the
Green Functions of the homogeneous regions and the inho-
mogeneous slab together with the matching formulae. In this
case, n numbers the principal layer or mono layer (ML).
A ML consists of a layer of anions and cations and is
approximately 2.825 A. K is the two-dimensional wave vec-
tor (ky, ky) and the energy E is understood in the causal sense
E — E + ie with ¢ — 0. We have projected the LDOS at the
center of the Brillouin zone x =0 as well as at the center of
the inhomogeneous slab. Likewise, we have considered the
imaginary part of the energy as 10~* eV. This is done for
three main reasons: (1) to reduce the computational-time

FIG. 1. (Color online) (a) Energy band diagram
of our AlGaAs Gaussian quantum well system
consisting of an inhomogeneous region of vary-
ing aluminum concentration in Gaussian form
sandwiched between two homogeneous semi-
infinite slabs of fix aluminum concentration
(reference concentration) along the growth
direction (z). (b) The same as in (a) but now
considering an applied electric field along the
growth direction. The applied electric field acts
only in the inhomogeneous slab. (c) Electron
and hole energy band-edge profiles of RQWs
under an applied electric field. In this case, the
inhomogeneous slab consists of a quantum well
Ec region sandwiched between two barrier regions,
regions between the dotted and dashed vertical
lines. (d) The simplification of (c) neglecting the
barrier regions between the dotted and dashed ver-
tical lines. In all cases the solid-black, dotted-red,
and dashed-blue lines state aluminum reference
concentrations of 0.3, 0.2, and 0.1, respectively.
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cost; (2) to avoid homogeneous barrier effects; and (3) to
maximize the spectral strength of electron and hole states. In
all cases treated in the present work, we adopt this kind of
criteria. The energy band-edge profile modulation is taking
into account by means of the appropriate modification of the
tight-binding parameters as function of the aluminum
concentration.

In the case of the constant electric field applied in the
growth direction, we have used the reasonable and good
approximation proposed by Graf and Vogl.>* This approxi-
mation consists in the modification of all diagonal elements
of the tight-binding Hamiltonian matrix in each atomic layer

TB;i(n) = TB;;(0) + nekF, 2)

where n labels the atomic layers in the growth direction, e is
the electron charge, F' is the magnitude of the constant elec-
tric field, and TB;; are the diagonal tight-binding parameters.

lll. RESULTS AND DISCUSSION

In Fig. 1(c), the original inhomogeneous slab that con-
sists of two barriers (regions between dotted and dashed ver-
tical lines) and a quantum well region has been changed by
an equivalent quantum well system without barriers (simpli-
fied system) as can be seen in Fig. 1(d). The applied electric
field acts only in the inhomogeneous slab. The fix aluminum
concentration in the semi-infinite homogeneous slabs has
been taken as reference value to identify the different quan-
tum well systems treated in the present work. The solid-
black, dotted-red, and dashed-blue correspond to reference
concentrations x =0.3, x =0.2, and x =0.1. The goal of this
simplification is to readily and clearly identify the electron
and hole ground states in the LDOS outputs without sacrify-
ing accuracy and reliability of the results. To check out that
this change is good, we have calculated the ESS and spatial
overlap of the electron and hole ground states for the GQWs,
PQWs, and RQWs (results not shown), and we find practi-
cally no change in the ESS between the original and the sim-
plified system. In the case of the relative spatial overlap
(RSO), this is the ratio of the spatial overlap between elec-
tron and hole ground states of GQWs to PQWs (RSOGP)
and GQWs to RQWs (RSOGR) the differences between
original and simplified wells are barely perceptible, espe-
cially in the high field limit. From now on, we will deal with
the simplified system, even when we not refer to it explicitly.

In Fig. 2(a), we show the energy Stark shifts as function
of the applied electric field strength for GQWs (red lines),
PQWs (blue lines), and RQWs (black lines). We have fixed
the quantum well width (dw) at 60 MLs for three different
aluminum concentrations x = 0.3 (solid line), x =0.2 (dotted
line), and x = 0.1 (dashed line). The ESS of all quantum well
systems present a quadratic dependence with respect to the
applied electric field being the main difference the fitting pa-
rameters of the respective curves. In the case of the RQWs,
the fitting parameters are 4.74E-3, 4.87E-3, and 5.16E-3, for
PQWs 1.7E-3, 2.46E-3, and 4.72E-3, and for GQWs, we
have 3.52E-4, 1.15E-3, and 2.53E-3 corresponding to the
three aluminum concentrations x =0.3, x=0.2, and x =0.1
in each case. The maximum ESS reached for RQWs, PQWs,
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FIG. 2. (Color online) Energy Stark shifts for the different quantum well
systems: (Red) GQWs, (Blue) PQWs, and (Black) RQWs. (a) ESS as func-
tion of F with dw=60 MLs and x =0.3, 0.2, and 0.1 solid, dotted, and
dashed lines, respectively. (b) ESS versus dw fixing F at 100 kV/cm (line
graph) and —100 kV/cm (symbol graph). The solid, dotted, and dashed lines
correspond to x =0.3, 0.2, and 0.1 in the case of F=100 kV/cm. Likewise,
for the squares, circles, and triangles but for F=—100 kV/cm.

and GQWs are 200 meV, 100 meV, and 50 meV, respec-
tively. These values are reached for the maximum negative
electric field considered and concentration x=0.2 in the
case of PQWs and GQWs, meanwhile for RQWs all concen-
trations work well for both negative and positive electric
fields. Other interesting feature is the equivalence of ESS
that the GQWs (x =0.3) and PQWs (x =0.2) show for nega-
tive electric fields up to —100 kV/cm pointing out that these
quantum well systems behave in the same way in this partic-
ular case. The ESS also present an evident asymmetry with
respect to the applied electric field, particularly the GQWs
and PQWs at aluminum concentrations x =0.2 and x =0.1.
We can attribute this asymmetry to two factors: (1) the
smaller attractiveness of the GQWs and PQWs with respect
to the RQWs and (2) the enhancement or diminishment of
the electron and hole localizations depending on the sign of
the electric field. The first factor comes from the special
form of the energy band-edge profiles of GQWs and PQWs,
and the second from the disproportion of the band-offset
between electron and holes, see Fig. 1(a). In the case of posi-
tive electric fields, the localization (delocalization) of elec-
trons (holes) is enhanced (diminished) with opposite trend
for negative electric fields. Taking into account that the
energy band-edge confinement of electrons is nearly twice of
the holes turns out that the latter are totally delocalized for
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FIG. 3. (Color online) Relative spatial overlap of GQWs as function of the
electric field strength. In particular, spatial overlap ratio between (a) GQWs
and PQWs and (b) GQWs and RQWs, respectively. The black-squares,
blue-circles, and red-triangles correspond to x =0.3, 0.2, and 0.1 with the
same well width, dw =60 MLs. The lines represent the best fitting (interpo-
lation) of our data.

small positive electric fields at small aluminum concentra-
tions, even for negative electric fields with x =0.1 electrons
reach delocalization at fields of —100 kV/cm and —120 kV/cm
for GQWs and PQWs, respectively.

Similar trend is obtained for ESS as function of the
quantum well width, Fig. 2(b). We have fixed the applied
electric field at 100 kV/cm (line graphs) and —100 kV/cm
(symbol graphs). The red, blue and black curves represent
GQWs, PQWs, and RQWs. The solid (square), dotted
(circle), and dashed (triangle) curves correspond to x =0.3,
x=0.2, and x =0.1. The maximum ESS reached for GQWs,
PQWs, and RQWSs are 100 meV, 175 meV, and 350 meV,
respectively. These values are reached for negative electric
field at maximum well width considered 160 MLs. There is
also asymmetry of the ESS with respect to the sign of the
electric field being the Gaussian and parabolic quantum well
systems which sustain this feature. The ESS of GQWs
(x=0.1) and PQWs (x =0.2) match perfectly up to 80 MLs.
Delocalization effects are more pronounced for positive elec-
tric fields, in GQWs and PQWs, presenting it even for nar-
row quantum wells. In this case, the fitting parameters for
x=0.3,x=0.2, and x =0.1 of RQWs are 1.36E-2, 1.37E-2,
and 1.39E-2, for PQWs are 4.83E-3, 6.85E-3, and 1.31E-2,
and for GQWs are 1.84E-3, 3.97E-3, and 7.32E-3.

Figure 3 shows the GSO versus the applied electric field.
Particularly, we have calculated the ratio of spatial overlap

J. Appl. Phys. 110, 103715 (2011)

FIG. 4. (Color online) Three-Dimensional graphs of the spatial overlap
between the electron and hole ground state wave-functions for (a) RQWs,
(b) PQWs, and (c) GQWs. The z, y, and x axis represent the spectral strength
(a.u.), growth direction (MLs), and the electric field (kV/cm). The blue and
red curves correspond to electrons and holes, respectively. In this case, the
aluminum concentration and well width are fixed to 0.3 and 60 MLs.

between GQWs and PQWs as well as between GQWs and
RQWs, Figures 3(a) and (b). The quantum well width of all
systems has been remained fix at 60 MLs. The black-
squares, blue-circles, and red-triangles correspond to alumi-
num concentrations of 0.3, 0.2, and 0.1. As in the case of
ESS, the RSO shows a quadratic dependence with respect to
the electric field. This dependence can be attributed to the
special form of the GQWs since the spatial overlap between
the wave functions of the electron and hole ground states is
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FIG. 5. (Color online) Relative spatial overlap of GQWs versus the quan-
tum well width. In particular, spatial overlap ratio between (a) GQWs and
PQWs and (b) GQWs and RQWs, respectively. The black, blue, and red
squares (triangles) correspond to x =0.3, 0.2, and 0.1 with F=100 kV/cm
(—100 kV/cm). The solid and dotted lines represent the best fitting (interpo-
lation) of our data.

less sensitive to the electric field meanwhile the wave func-
tions of electrons and holes of RQWs readily apart each
other to opposite sides of the quantum well resulting in a
rapid reduction of the spatial overlap, see Fig. 4. The PQWs
are an intermediate case with better spatial overlap than
RQWs but worse with respect to GQWs. All this is reflected
in the vertical axis of RSO with improvement factors up to 7
and 500 for RSOGP and RSOGR, respectively. The asym-
metry of the RSO can be understood in terms of the dispro-
portion of band-offset between electrons and holes, with the
negative electric field more appropriate to reach higher RSO.
Another interesting characteristic of the RSO is the inflection
point at —160 kV/cm and —60 kV/ecm for x=0.2 and
x = 0.1, respectively. This point is the same for both RSOGP
and RSOGR which means that it is totally related to the spa-
tial overlap of the Gaussian wells. Figures 6(a) and (b) show
the spatial distribution of the electron and hole ground states
prior and after the inflection, we can see clearly that the
lower spatial overlap at —160 kV/cm and —80 kV/cm is
caused mainly by the lower electron localization, which is
more dramatic at —80 kV/cm (x =0.1).

RSO of GQWs varying the quantum well width is
shown in Fig. 5. The applied electric field has been fixed at
100 kV/cm (squares) and —100 kV/cm (triangles). The
black, blue, and red curves correspond to x =0.3, x=0.2,
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FIG. 6. (Color online) Spatial distribution of the electron and hole ground
states of GQWs for (a) x=0.2 and (b) x=0.1 at the inflection points of the
relative overlap of Fig. 3 as well as for (c) x=0.3 and (d) x=0.2 at the
inflection points of the relative overlap of Fig. 5. In the case of (a), these
points correspond to —140 kV/cm and —160 kV/cm, meanwhile for (b) to
—60 kV/cm and —80 kV/cm. Likewise, (c) is referring to 120 MLs and 140
MLs, and (d) to 80 MLs and 100 MLs, respectively. The solid-black (dotted-
blue) lines represent the electron and hole states prior (after) the inflection.

and x =0.1. As in the case of Fig. 3, we see a quadratic-like
dependence, however, in this case, the RSO remains practi-
cally unchanged up to 80 MLs (100 MLs), for RSOGP
(RSOGR), Fig. 5(a) (Fig. 5(b)), reaching its maximum value
at 120 MLs. For negative applied electric field and x =0.3,
there is drastic drop from 120 MLs to 140 MLs which we
can attribute, contrary to RSO versus F, to the localization of
the electron and hole wave functions on opposite sides of the
Gaussian quantum well, Fig. 6(c). Similarly for x =0.2 with
maximum at 80 MLs and drop at 100 MLs, Fig. 6(d). Inter-
esting to note is the factors involved at the maximum for
x=0.3 with values of 40 and 80000 for RSOGP and
RSOGR which mean that tailoring the well width it is possi-
ble to reach sizable RSO. Wide quantum wells, 140 MLs and
160 MLs, also present an increase of the RSOGP that can be
attributed to the higher drop of spatial overlap of the PQWs
rather than an increase of the overlap of GQWs. Moreover,
at these well widths, both quantum well systems sustain neg-
ligible spatial overlap.

Likewise, we want to mention that our findings obey the
same tendency observed or theoretically predicted in other
quantum well systems with asymmetrical, triangular, and
trapezoidal energy band profiles.’**® For instance, Wang
et al.*® have investigated theoretically the asymmetrically
graded InGaN/GaN QW turning out that the energy band
profile becomes parabolic-like due to the increase of the in-
ternal electric field along the growth direction. The
momentum-matrix elements of the electron-hole ground
state transition are 3.5 times larger than those in rectangular
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QW due to the larger overlap of graded QW, which implies
larger spontaneous emission rate of graded QW as well. Sim-
ilarly, Yang er al.?’ have studied the electron-hole wave-
function overlap and optical gain characteristics of triangular
InGaN quantum wells. They found that this special energy
band profile exhibits higher overlap of electrons and holes
wave functions as well as remarkable increase in both optical
gain and polarization degree. Han er al.*® have grown
InGaN/GaN multiple quantum well LEDs on a sapphire sub-
strate. They performed a comparative study preparing con-
ventional rectangular QW LEDs and trapezoidal QW LEDs.
They found that LEDs with trapezoidal wells show a lower
forward voltage and an external quantum efficiency 20%
higher compared to LEDs with rectangular wells resulting in
improvement of the efficiency droop at high current densities
which is mainly due to the enhancement of the overlap of the
electron and hole wave functions.

As a final remark, it is important to mention that the
GQWs, particularly, those for the higher aluminum concen-
tration considered x =0.3, are less affected by the QCSE.
This is, the ESS remain practically unchanged over the
whole range of electric fields considered as well as the RSO,
to our knowledge, sustain the larger values ever reported
which implies that LEDs with GQWs will show better stabil-
ity of emission wavelength in operation. We also hope that
the present study be stimulating for our experimental coun-
terparts in order to build quantum well systems with energy
band profiles of Gaussian form.

IV. CONCLUSIONS

In summary, the QCSE characteristics of AlGaAs Gaus-
sian quantum wells are studied theoretically by the semi-
empirical sp’s tight-binding model including spin. The alu-
minum concentration in the AlGaAs ternary alloy is varied
Gaussianly turning out in a energy band profile of Gaussian
form for both electrons and holes. It is found that irrespective
of the form of the energy band profile (Gaussian, parabolic,
or rectangular) the QCSE characteristics show quadratic de-
pendence with respect to the electric field strength and the
quantum well width. In addition, the different band-offset of
electrons and holes results in an asymmetry of the ESS and
GSO under a change of direction of the applied electric field,
being the negative electric field more appropriate to reach
higher ESS and GSO for fix quantum well width and alumi-
num concentration. The special form of the Gaussian quan-
tum wells turns out in substantial reductions and
enhancements of the ESS and GSO with respect to PQWs
and RQWs. For instance, reduction (enhancement) factors of
tens and hundreds can be reached for ESS (GSO), even more
it is possible to obtain factors of thousands for wide GQWs
(120 MLs) for typical values of the electric field strength
(=100 kV/cm) and aluminum concentration (x =0.3). Last
but not least, the special energy band profile studied here can
be used to improve the QCSE characteristics in current quan-
tum well systems, such as those based on nitrides, oxides
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(Zn0O), and SiGe, whenever the confinement energy band
profile can be modulated in Gaussian form.
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