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Abstract. \Ve discuss the problem of fitting an experimental data
sel into a linear curve when experimental uncertainties can not be
overlooked. Difficulties w¡th the standard least-squares method are
pointed out. An alternative weighted least-squared method, depending
on knowledge about the uncertainties ror fouT different cases.is prc.
sented, and we use it to tl.nalyzc the data from a particular cxperiment.
From this application it is shown that we get better results using the
proper ra.se.

PACS: 02.50.+s; 02.90.+p

1. Introduction

\Ve want to point out a widespread error in the use of linear regrcssion analysis when,
in experimental situations, the experimentalist wants to determine the functional
relationship betwccn tIJe experimental data.

The hroad use of pockct programmable ca1culators and statistical software for
microcompllters makes easicr the hcavy work neccssary to obtain such relationship
bet\\'cen the experimental data. Unfortunatcly, the most common analysis tcchnique
available in lhe least square fitting of a line is not always lhe most proper.

Experiments in physics made to determine pararneters through lhe functional
relationship between valucs of x and y involvc a series of experimental Illcasurements
of x and lhe corresponding y. In several cases there are not only measuremen:; errors
in Yi, bul also there are measurcrnenl eTrors in Xj. Many experimentalists apply lhe
slandard Ica.sl-squares mclhod, which implicitly assumes errors neilber in Xi ¡lOr in
y¡. Accordingly, this procedure affects the llnknown parameters to be obtained from
the functionaI rclationship, and it givcs estimalcs of errors that are smaller than
the truc errors.

This paper presents a review of standard least-squarcs rnethod as applied to
a slraight line, and the weighted least-squarcs method, ",here the weighting factor
is related to the experimental data precision. This gives place to four different
experimental cases; cach one of thcse cases are applied to the same experimental
data sel and the resulls of this weighlcd lcast-square fitting method oC a straight
I¡ne are discussed as wcll.
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2. Review of the standard least-squares method

Supposc that in an eXIH.'rimentaI set of data points (Xi, !/i), wherc i ::::1,2, ... , u. il
is assuITwd that there are 1I0l experimental uncC'rtainties.

The standard lea..'it square method [1-4] rcquircs that w(' millimiz(' tlle ljuadratic
SUIll, Q, of lbe ordinate diffcf('nccs hclwf'cn lhe experiml'lIlal poinls. Y. alld lhe
required line }I"(X¡)

Q = LiY, - Y(I,)]'.

IIcre L denotes lhe sum from i ;;; 1 to n.
For a linear fit, }I"(X¡) :::: mx + b,

Q = LIYi - TII.T, - bJ'

( 1 )

must be a minillllllll. Using lhe standard diffen'ntial calcullls !l'dlJ1iqw' to f¡lId ti\('
mininllllll of Q,

{JQ = o.
Dm

DQm =0,

we oblain a S)'stclIl of lwo ('{Iuatiorls ill lhe lwo unknowlls 111 and !J. In ord('r to find
ni and b we •.•..rile lhe rcsulting equations in matrix forrn;

A = (.~) = c-I~, (1)

whcrc, {: is a 2 x 2 Illatrix whos(' (']emC'nts Gjl are

'" j+l-2L JI ' w iJ('rc j, k :::: 1,2, ... , 71 (!j )

and $ is a 2 x 1 colulIln V('etor whose e1CInCnt5 Ski are

'" '-lLX¡ y¡. (fi )

The f¡He" va!tJ('s of 111 allll f¡ ¡H(' just lile ('1(,rT](,lIt5of tl](' ¿ x 1 column v('ctor A,
that is,

(7)

L!I. L.r
'IL.c

- L 'CI L .C¡J/1

- (L.r,)'
(3)
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3. He weighled leasl square method

111actual experimental ca.s{'s I.lwre are not onl)' utlccrlainties, Sy¡, for caeh y¡, hut
abo lIncert"linties, SX¡, for ('¡,ch .Ti, and these utlcerlaillti('s do nol ha\'e lhe same val-
1j('S, Man)' cxperimcnlalists IIwrel)' apply the sliltldi\nj least~squares Illctbod which
implicitly asSUIllCS that all tIJe 5r¡ 's and the Sy¡ 's are zero, Such a procedure loses
accurac\' in tbe detcrminatioll oC Ibe llnknown paramelers m and b and gives esti.
mates oC errors that are smailer than the true eHors; this has heen prcviously noted
in tlw litcraturc 15-¡],

Now W(~are going to discllss a more general procedure [8,9]. the well-knowlI
/l'('j!Jhted has! squarcs mdhod which r<"quires the minimization oC

Q= ¿w;(y; -mx; -h)'-

IIne U'j ¡HC the wcights which are re!atcd lo the experimental ullcertainties,
LJsillg tlle same proCf'dure as in Section 2, one IIO\\' finds that

(9)

ni =

b=

L:U'¡L: II'jIIY¡ - L: tl'.X. L: It"y¡

L II'¡ L II'¡X; - (L lI'jX¡)2

L l/'¡X; L:U'jY. - LlI'j,Tj L tI'¡X¡Y¡

L: 11'. L W¡X; - (I: W¡I¡)2

( 10)

(11)

Ilf'n' 11](' W¡ \'alues r('pr('s('1I1 tl](' sqllare-ill\"f'rs(' \'alues oC tbe experimental unccr-
taillly, j", the \'ariance S. and we can distingllish COIIfcas('s, whcn
i) w¡ = 1.
ii) 1L'1 = I/Sy¡.
,ii) w, = I/(SI; + Sy;),
iv) J', = I/(Sy; + 11/'S.r;).

lIeTl' SX¡ :lIld Sy¡ are' tile ,f. allel !I. l'x¡wrilTlf'tlt,,] data. variances,
Tlw first case gives tlH' standard method, i\lld it is, illlplicitly, assullwd tbat

llll'r(' is lIot eTrors 011 lIt(' ('Xperillll'lltal di\ta, (:r¡,y¡); wlli]c t.he second case Illust be
applil'(l whcll Sy¡ » S.r, [10.11], :tI1d th(' SXj VilJ¡WScan he O\'cr1ooked cW'n if the
IIllC'crtailltil'S Sy¡ are not tll(' SilllH' Cor all.

T1\(' lilir{! casc must he applif'd ir. in YOIlf (-,xpl'filll<'lltal data, you ha\'c significanl
1I1I('('rlaillties for Loth Xi <l1le!!1r17,10.11], and it is ('as)' alld simple to apply. Finally,
lil(' last ('as{' is tll<' acqllaillll'rI ,jJ,cii¡'( l'ariallcf 11Itf!lOd [7,10.11] This mclhoclmust
1)(' IIsl'd wl]('11 )'011 ha\'{' tlH' SillIH' llllCertainty conditiolls as in tile third case, but
)'011 Willll to obta.ill an illlprO\'('(1 lilH'ar morid adjllstllll'llt..

11,,1'{"ill or<!"r to dl'!{'l'Il1iJ](' l.IH' 1I1lknOWlIS111 é-llld ¡, it is IwceSSé-lry to kllow m;
lo k110\\' ¡his. you can IISI' :tI1 ilné-llive' proce<illl't' wlH'rl' t.11(' first 111\'aIJw ("¡\JI 1)('
(,I,taiIWII lISillg tiTe st<tT¡llanl kasl-sllllarcs IHet!J()ei,

('ollll)(trillg tile ¡hinl allll fourlh cases YOIl fill<1 tllat t1t{, third case is ('asicr to
<IJlpl)'. while the fOllrth [j'quirl's ¡In i1crati\'(' pron'durc,
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It is quite conunon that in addition to the m and b values, you need to calcula te
sorne secondary parameters, for cxample in arder to use thc error propagation cx-
pression [12], it is necessary to know the m and b variances. These lalter variances
ror the weighted least squares rncthod [131are

Sm = (am)2 Sy = I>; ¿; w;(y; - \')2 (12)
ay (n _ 2) (¿; w; ¿; w;x; _ (¿; w;x;)2)'

Sb = (ab)2 Sy = ¿;w;x; ¿;w;(y; - \')2 (13)
ay (n _ 2) (¿; w; ¿; w;x; _ (¿; w;x;)') ,

Presenting this variances in matrix form, the variances in the e1ernents of A.are
the correspondi~g elements of th~_inverse correlation matrix (-1

where Sy is defined by

4. The experiment

Sl\jj = [Cji] Sy,

(L;(y; - mx; - b)')
Sy= (n-2) .

(14 )

( 15)

\Ve have used the previous four cases lo analyze Ibe d¡üil set frúm an expcrinwnt,
made to propose a new method, in arder to determine tbe dcad time, T, for a Geiger-
!vlüIler nuclear measurement systcm 1J4]' where, by virtm' of t.he linear adjustrncnt
of the counting rate by radioactive sample ll11ilmass i'llld the couting rate, we can
ohtain the dead time by dividing the slope ano tbe inlerrcpt. In Table I it is sbowII
the experimental data set of the mean coullting rille and thc mean cOllnting rate by
sarnple mass unit.

We found the linear Tegression for the experimcntal data llsing the fouTwcighted
least square cases discussed in Section 3; ,'.'here in ca.<;ei it was assurncd tbat there
is not error in the experimental data sd; in case ii was only considered error in the
Yi experimental data; for the ca.<;esiii ill1<1it' it was asslllllcd t hat tbe crrors in tbe
Xi and Yi experimental data can be not overlooked. Thc rcsult.s are showll in the
Table 11, where besides valucs for m, b, ilnd T the Q valuc is shown. Tite smallcst
value was obtaincd t1sing thc fourth Cilse, where it was 1H'('('ssar,Yto havc ¡m init.ial
m value which was sclectcJ frorn case i. \Ve n'1)(,ilted tlle fOllrl.1Icase once again hut
the Q valuc was the same anJ tbis is not showll in the ta blc.



Mean counting rate
(rol

14598. ~ 123.
13695. ~ 102.
13391. ~ 226.
11313. ~ 71.
8910. ~ 17.
5952. ~ 51.
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~Iean counting rate by mass unit
(y,)

27912. ~ 210.
28006. ~ 215.
28020. ~ 175.
28211. ~ 187.
28375. ~ 238.
28615. ~ 207.

TABLE 1. Experimental data for the method used to get the Geiger-Müeller dead time.

Case
,)

ií)
iii)
iv)

m b Q T [ps«]
-0.0801 29096.2122 817.1162 165.1760
-0.0795 29093.1576 0.0189 163.9561
-0.0971 29090.8176 0.0161 163.7630
-0.0795 29091.3079 0.0115 163.9665

TABLE 11. Rcsults for the linear regression of the experimental data sct froln Table J, using aH
the weighted least squares lIletbods.

5. Discussion and conclusions

IrYOllr objective is lo delermine exacl values or sorne physical data, by means of the
linear adjustment of your experimental dala set, the slandard leasl squares method
is not always lhe most proper anc.

As it was shown in lhe sample, you wiJl have beller data ir you use the most
proper case, which will be lhe one who fils beller lo the experimental dala, lake
inlo account the experimenlal t1llcerlainlies and givcs yau lhe smallcst value for Q.
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Resumen. Se discute el problema. de ajust<lr un conjunto de datos
experimentales a una línea recta, cuando las incertidumbres l'xperi-
mentales no pueden ser despreciadas. Se señ<1lan las dificultades que
se tienen al usar el método estándar de la r<'gresión lincal mediante
los mínimos-cuadrados. Un procedirnif'llto alternativo ba.<¡ado en los
mínimos cuadrados ponderados, donde ('1 factor de ponderación depende
de las incertidumbres experimentales, es presentado para cuatro casos
diferentes; estos casos son utilizados para analizar los datos de un exper-
imento en particuhu. En esta aplicación se demllC'stra cómo se ob~ienen
mejores resulados al utilizar el caso adecuado.




