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Abstract

We introduce a higher-order version of the tangent map of a mor-
phism and find a matrix representation. We then apply this matrix to
solve a conjecture by T. Yasuda regarding the semigroup of the higher
Nash blowup of formal curves. We first show that the conjecture is true
for toric curves. We conclude by exhibiting a family of non-monomial
curves where the conjecture fails.

Keywords: Higher-order tangent map, Nash blowups, Jacobian matrix,
curves.

MSC: 14B05,14M25,32545.

Introduction

In recent years several authors have introduced higher-order versions of the
Jacobian matrix. In [7], a higher-order Jacobian matrix is studied in relation
with the higher Nash blowup of a hypersurface. More recently, in [2, 3],
a similar matrix is introduced for any finitely generated algebra. In these
articles the matrices are used to study singularities in arbitrary characteristic
or to study algebraic properties of the module of Kéahler differentials of
high order. In another but related direction, in [5] it is described a matrix
associated to a relative compactification of the induced map on the main
components of jet schemes of a projective birational morphism.

In this paper we introduce a matrix that represents a higher-order tan-
gent map of a morphism. This matrix involves higher-order derivatives,
making it more suitable for some computations related to jet-spaces. Our
main application of this matrix is the solution of a conjecture by T. Yasuda
related to the higher Nash blowup of formal curves.

The Nash blowup and the higher Nash blowup of an algebraic variety are
modifications that replace singular points by limits of certain vector spaces
associated to the variety at non-singular points. There are several questions
relating these modifications to resolution of singularities ([15, 18, 22]). Those
questions have been treated in [15, 17, 9, 10, 13, 19, 22, 11, 12, 1, 6, 8, 21].
In [22], T. Yasuda proved that the higher Nash blowup solves singularities of
curves. In a subsequent paper, Yasuda gave a conjectural explicit description
of the semigroup of the higher Nash blowup of formal curves. In this paper
we show that the conjecture is true for toric curves but false in general.

To study Yasuda’s conjecture in the case of toric curves we first develop
a combinatorial description for the higher Nash blowup of toric varieties.
This result is based and inspired in the analogous description of the usual



Nash blowup of toric varieties given in [11, 12]. Our results depend strongly
on the general framework developed in [11] for not necessarily normal toric
varieties. With this general combinatorial description at hand, we are able
to prove Yasuda’s conjecture for toric curves.

Finally, we present a family of non-monomial curves showing that Ya-
suda’s conjecture fails in general. By combining the results we obtained
for monomial morphisms and the general construction of the matrix repre-
senting the higher-order tangent map, we are able to describe a particular
element of the semigroup of the higher Nash blowup of this family of curves
which does not belong to the semigroup suggested by Yasuda.

The present paper is organized as follows. In section 1 we introduce a
higher-order tangent map, find a matrix representation and study its basic
properties. In section 2 we study in detail the higher-order Jacobian matrix
of monomial morphisms. In section 3 we construct a special cover for the
higher Nash blowup of a toric variety. Section 4 is devoted to prove Yasuda’s
conjecture concerning the explicit description of the semigroup of the higher
Nash blowup of a toric curve. Finally, in section 5 we exhibit a family of
non-monomial curves for which Yasuda’s conjecture fails.

Convention: Throughout this paper, K denotes a field of characteristic
zero. In addition, starting at Section 3, we also assume that K is alge-
braically closed.

1 A higher-order Jacobian matrix of morphisms

1.1 A higher-order Jacobian matrix of a morphism of affine
spaces

In this section we study a higher-order derivative of a morphism between
affine varieties and find a matrix representation of this linear map.

Notation 1.1. The following notation will be constantly used in this paper.
e The entries of vectors a € N! are denoted as o = (a(1),...,a(t)).

e a <& ali) <p3)Vie{l,...,t}. In particular, @ < § if and only
if (i) < p(i) Vie{l,...,t} and a(i) < B(i) for some i € {1,...,t}.



e 0« = 9D ga2) ... galt)

e For t,n € N, Ay, := {7y € N|1 < || < n}. In addition, we denote
)\tJL = |At,n| = (n;i—t) —1.

Consider a morphism

¢ : K? = K°,
x=(x1,...,2q9) = (q1(x),..., gs(x)).

Assume that ¢ is regular at some z € K¢ and let y = ¢(z) € K* Let
m C K[Xy,..., X4 and n C K[Y7,...,Ys] be the maximal ideals correspond-
ing to « and y, and m,, n, the maximal ideals in (K[Xq,..., X ])m and
(K[Y1, ..., Ys])n, respectively.

Let ¢* : (K[Y1,...,Ys])n = (K[X1,..., Xg])m be the induced homomor-
phism on local rings, where ¢*(n,) C m,. In particular, there is a homo-
morphism of K—vector spaces for each n € N:

n+1 n+1

(@ )n : ny/n T = mg /my
Let A, = {(X — )% := (X1 — 21)*W - (Xg — 24)*@D|a € Ay} be a basis
of m, /m*! as K—vector space. Similarly, let B, = {(Y —y)”|3 € A5} be
a basis of n,/ nZH. The dual bases of A, and B, are, respectively,

Ay = {ot'a(za

By = {ﬁ'aYﬂ‘w Ko}

Since (0*)n((Y =9)?) = (91 —91(2))" V) - - (95— g5(2))7) =2 (¢ — p(a))?, it
follows that the dual morphism (p*)) : (mx /mﬁ“)v — (ny/np )Y satisfies

‘Oé S Ad,n}:

1o
(7=,

1 804 ~k . n+1
)= —axs], ° (P imy /it S K, 1

1 0% — p(z))?
(Y_y)gHa (waXsZ( )

It follows that the matrix representation of (¢*)Y in these bases is:

— v 0%(p — o(x))P
[(90*)n],4€ _ (5 (‘PaXQZ( )

$> BEAsn 70’6Ad,n '



Definition 1.2. Let ¢ : K¢ — K* be as before, where p(z) = y. We call
the linear map (¢*), the derivative of order n of ¢ at z. In addition, let

nigy e (LM —p(@)”
D] ((P) = (a' X« ’$>B€As,n7a€[\d,n'

We call D (p) the Jacobian matriz of order n of ¢ at x or the higher-order
Jacobian matriz of ¢ at x. Notice that D} (¢) is a (Asn X Agp)-matrix.
We order the rows and columns of this matrix increasingly using graded
lexicographical order on Ay, and Ay ,. This order is denoted <.

Remark 1.3. Notice that, for each § € Ag,, the 8 row of DJ(y) cor-
responds precisely to the coefficients of the truncated Taylor expansion of

order n of (¢ — p(x))? centered at x.

Remark 1.4. A similar higher-order Jacobian matrix of a single polynomial
F was defined in [7] and is denoted Jac,(F'). See also [2, 3] for a further

development of this matrix.

Example 1.5. Let ¢ : K — K2, t + (¢,t?). The usual matrix representation
of the derivative of ¢ at 0 € K is given by the Jacobian matrix:

Dy() (£’0> <1)\
= 5 = .
’ Cgto 2t 0

Following the construction of the higher-order Jacobian matrix given previ-
ously, in the case n = 2, we obtain:

dt, Lo Lo
d !
ﬁ jzﬁtﬁ
dt2|0 2 (12 2|0 2t 1
2 d(t d2(t
Dy(p) = (dt) lo % dgg2)f b |=1] O 1
d(t-t2)| 1 d2(tt3) 0 0 2%
d, ! 2
d(thy? 2 2l 0 4t
dt ‘0 217 a2 ‘0 ‘0

The higher-order Jacobian matrix satisfies the following basic properties.

Lemma 1.6. Let ¢ : K — K® be as before.

(1) If B € Asp is such that |B] = 1 then 8a(%}§0§z))6 = %(;}Pf for every
o€ Ad,n-

(i1) Let oo € Ny, B € Agy be such that |of < |B|. Then %7%:”))[3@ = 0.



(iii) DL(y) is the usual Jacobian of ¢ evaluated at x.
(iv) If ¢ : K¢ — K% is the identity then D?(y) is the identity matriz.
(v) Lety : K° — K" be another morphism. Then D7 (o) = Dy () Dy ().

Proof. (i) If B € Asy, is such that |3] = 1 then (¢ — p(2))? = g; — gi(z)
for some i € {1,...,s}. Since g;(z) is a constant, the result follows.

(ii) The hypothesis on a and  means that in %7%1))[3 the order of

the derivative is less than the number of factors in (¢ — o(z))®. This

o (g g
implies that in every summand of % there is a factor g;—g;(x).

Thus Zle-e@)?) g,
(iii) This follows from the definition of DZ(y) and (4).

(iv) If ¢ is the identity then (¢*), : m;/m?+1 — m, /m?*! is also the iden-
tity. By choosing the same basis for both vector spaces we conclude
that DI (¢) is the identity matrix.

(v) We know that (¢ o p)* = ¢* o 9™ Thus, ((w ©))n = (¢*)n o (¥V*)n.
Takilngf ?111&18 (Pop) )y = ((¢)n o (¥*)n)" = (¥*)y o (¢*)y. The
result follows.

Now suppose that X C K? and Y C K* are affine varieties and let
¢ : X — Y be a morphism which is regular at x € X and let y = ¢(z).
Denote by m, and n, the maximal ideals of the corresponding local rings.
Since ¢ is the restriction of a morphism ¢ : K — K*, the diagram

X 72.y
i i
Kd L) K3

induces the diagram

(Mg /mg )Y —— (n, /Ay 1)

|

(Mg /mp+h)Y —— (ny /gt



Taking bases as before we identify (m,/m7+!)Y = K n and (n,/ngth)Y =
K*sn. The commutativity of the diagram

(Mg /mg )Y —— (n, /g )Y

Dz (¢)

K)‘d,n KAs,n

allows us to define a higher-order tangent map of p : X — Y at x € X as
the restriction

Di(p) « (g /my ™) — (n, /ny )Y

1.2 Higher-order Jacobian matrix and birational morphisms

Let Y C K* be an irreducible algebraic variety and y € Y. In this subsection,
we use the higher-order Jacobian matrix to explicitly compute the space
(f,/apt1)Y in some cases.

Lemma 1.7. Let X and Y be irreducible varieties and let ¢ : X --+ Y
be a birational morphism. Let U C X and V C Y be isomorphic open
subsets. Let x € U and y = ¢(z) € V. Then ¢ induces an isomorphism
f, /gt =m, /mptt

Proof. Since |y : U — V is an isomorphism, there is an induced isomor-
phism on local rings Oy, = Ox ,. In particular, ¢*(n,) = m,. The result
follows. o

Proposition 1.8. Let ¢ : K¢ - Y C K* be a birational morphism, U C K¢
and V' C'Y isomorphic open subsets, and y = ¢(x) for some x € U. Then

the vector space (ﬁy/ﬁg‘*'l)v is isomorphic to the image of the linear map

defined by DZ(p). In particular, rank(D}(¢)) = Agn-

Proof. We have the following commutative diagram

Kd 7207@) K



This diagram induces in turn the following commutative diagram

(iop)*
(mg /m )Y —— (ny /y*h)Y
= S\ V
()Y )
(fy/my )Y,
where the isomorphism in the diagonal arrow comes from lemma 1.7. Fix-
ing bases for m,/m2 ™! and n,/ny*! as in the previous section, we identify
(mg/mH1)V = KA and (ny/n;“"l)v >~ KAsn In addition, from (2), it fol-
lows that (i o Lp)*v is the linear map defined by the matrix D (iop) = D2 ().
We thus obtain the diagram

K)‘d,n DT (SD)

.

(R /0y )Y

KAS,’VL

The commutativity of this diagram proves the proposition. O

Remark 1.9. Notice that the proofs in this section considers local rings of
points of a variety. Therefore, these results are also valid in the analytic
case. In particular, we can define a higher-order Jacobian matrix for germs
of analytic maps ¢ : (X,z) — (Y,y).

Example 1.10. Let ¢ : K — C = V(y — 2?) € K% t — (t,t3). We
computed Dg(gp) : K2 — K5 in the previous section. Let fig be the maximal
ideal of (0,0) € C. Using proposition 1.8 we obtain

1 0
2t 1

(ng/0d)Y = Im(D3(¢)) =Im | 0 1 C K5.
0 2t
0 4t

0



2 Higher order Jacobian matrix for monomial mor-
phisms

Let ai,...,as € Z%. We assume that d < s. In this section we study the
higher-order Jacobian matrix of the monomial morphism

o1 (K\{0})? = K 3)
T = ({L‘l,...,xd) — (.’L'al,--~7xas)a

, (1 ;
where 2% := J:(lll( ). -xZ‘(d).

Notation 2.1. The following notation will be also used constantly.

e A denotes the (d x s)-matrix whose columns are the vectors ay, ..., as.
By abuse of notation, the set {ai,...,as} is also denoted as A.

o A; = (a1(7),...,as(7)), i = 1,...,d, denote the rows of A. In parti-
cular, for v € N*, B
A Ay :
XA = X{h L x e

where A~ is a product of matrices and A, -~ is the usual inner product
in R®.

e For 5 € N*, we denote

(XA — [,UA)'B = (Xa‘l — xal)ﬁ(l) . (X‘ls _ xas)ﬂ(s).

A) L A1 At)
e For \,7 € N, denote (?) := (78) (T(t))'
With this notation, the higher-order Jacobian of ¢ at a point z € (K'\
{0})? is given by:
100
OL' 8XO‘ v BGAs,n,QEAd,n.

D) = (

We are interested in computing the maximal minors of this matrix. This
will be done in several steps.

Lemma 2.2. Let v € N* and o € N¢. Then

iaa(XA'y): A"Y XA’}/—Oé'
al 0X« «

Proof. This is a direct computation. O



Lemma 2.3. Let 8 € A, o € Ay, and z € (K\ {0})4. Then
1 _
0N XA =2ty = g0t

— A
where cg o = Zygﬂméo(*l)w "l (f) ( 07)'
Proof. From the binomial theorem we obtain, for each i € {1,...,s}:

80
(Xai - l,ai),B(z) _ Z

v(i)=0

Thus, letting v := (y(1),...,7(s)),

A_ AV _ 5 (BN T gD g 5@ -0
(x4 — 2 (1) 7<7>1Hl(X Y1) (g0) 56—

5) (X 0as) (5 BDai-Eas

—~

1)) (5 8) (30 10) (03B,
(4

7)),

With this formula and the previous lemma now it is easy to compute the
derivative evaluated at x:

FCACSEER D D CE (5 ) (43 Lo (XA,

Y<By#0 4
- ﬁ%ﬂ)(_l)lﬁwl @) (2847 <f27> xAr-al,
- 7%7:#0(_1)'5_7' (3) (ziv) A=
LSRRI

O]

Using this lemma it follows that the higher-order Jacobian of ¢ at each
z € (K\ {0}) has the following shape:

D(¢) = (cpar™) (4)

BeAs,n ,OéeAdyn



Proposition 2.4. Let J = {f1,...,8x,,,} C Asn, where B1 < ... < By,
(see definition 1.2 for the notation <). Let Ly denote the submatriz of
D2 () formed by the rows B, . .. s Brg, and all of its columns aa,...,ax, .-
Then, if z € (K \ {0}),

ABi+-+ABa,

det(Ly) = det(L9),

xa1+"'+akd,n
Cc .__ ..
where LG := (cg; 0, )ij-

Proof. The matrix whose determinant we want to compute is the following:

AB1—a1 AB1—ay,
Ch1,00 T CBrarg , v "
AB2—a1 Aﬁ27a)\d
CB2,cn T CBa,an, T "
LJ = ’
cC :UAﬁAd,nial e c xAﬁ/\d,niaAd,n
Brg 1 B X

Multiply the «aj;th column by x%/. Then multiply the S;th row by xz =48,
Let LG = (cp;,a,)ij- Then

ABi++ABx,

det(Ly) = det(L5). (5)

xa1+."+a/\d,n
O

Remark 2.5. If n = 1 then A\g,, = d. Letting 8;, =e;, e N°fork=1,...,d
and J = {f;,,...,Bi,} C Asq, it follows that LG is the (d x d)-matrix whose
rows are a;,, ..., ai,. In particular, in view of (5), det(Ly) # 0 if and only
if a;,,...,a;, are linearly independent. This remark allows a comparison
between the so-called logarithmic Jacobian ideal of a toric variety and an
ideal whose blowup defines the Nash blowup of the variety [9, 15]. This, in
turn, gives place to the fact that the Nash blowup of a toric variety can be
obtained as the blowup of its logarithmic Jacobian ideal (see [9, 14, 11]). As
a result, there is an explicit combinatorial description of the Nash blowup
in this context [9, 11, 12].

3 Higher Nash blowup of toric varieties

In this section we exhibit an open cover for the higher Nash blowup of a toric
variety. The main result is the first step toward our study of a conjecture
proposed by T. Yasuda regarding the higher Nash blowup of formal curves.

10



We start by recalling the definition of the higher Nash blowup of an
algebraic variety. Subsection 3.2 is based on the general theory of (not
necessarily normal) toric varieties developed in [11] and also uses some ideas
appearing in [12].

3.1 Higher Nash blowup

Notation 3.1. Given an irreducible algebraic variety X C K?® of dimension
d and a point x € X, we denote T"X := (m,/m?1)V. This is a vector space
of dimension Ay ,, whenever z is a non-singular point.

Notice that X C K* implies T"X C TPK® = K*s». Thus, if z is
a non-singular point, we can see 7,'X as an element of the Grassmanian

Gr(Agn, K*+n).

Definition 3.2. [15, 16, 22] Let X C K*® be an irreducible algebraic variety
of dimension d. Consider the Gauss map of order n:

Gpn: X\ Sing(X) — Gr(Ag,, K*n)
x—TIX,

where Sing(X) denotes the set of singular points of X. Denote by Nash,,(X)
the Zariski closure of the graph of G,,. Call 7, the restriction to Nash,(X)
of the projection of X x Gr(Agn, K*) to X. The pair (Nash,(X),m,) is
called the higher Nash blowup of X or the Nash blowup of X of order n.

It was proposed by T. Yasuda ([22]) to solve the singularities of X by ap-
plying once the higher Nash blowup for n sufficiently large. Yasuda himself
proved that his method works for curves ([22, Corollary 3.7]). Moreover,
Yasuda suggested in [24, Remark 1.5] that the As-singularity might be a
counterexample to his conjecture on the one-step resolution. R. Toh-Yama
recently proved in [21] that Nash,(As) is singular for every n > 1.

In addition to the previous conjecture, Yasuda also proposed another one
concerning the numerical semigroup associated to the higher Nash blowup
of formal curves (see conjecture 4.2 below). The results we obtain in this
section will be used to study this conjecture in the case of toric curves.

3.2 An explicit open cover of the higher Nash blowup of toric
varieties by affine toric varieties

Let us recall the definition of an affine toric variety (see, for instance, [4,
Section 1.1] or [20, Chapter 4]).

11



Definition 3.3. Let A = {a1,...,as} C Z%. Let ' := NA denote the semi-
group generated by A, i.e., I' = {3, Mja;|\; € N}. In addition, assume that
ZA = {3, Mai|\; € Z} = Z%. Consider the following monomial morphism:

pa: (K= K° (6)

r=(x1,...,2q) — (%, ..., x%),

where K* = K\ {0}. Let X1 denote the Zariski closure of the image of ¢ 4.
We call Xt the affine toric variety defined by I'.

It is well known that Xt is an irreducible variety of dimension d, contains
a dense open set isomorphic to (K*)¢ and such that the natural action of
(K*)4 on itself extends to an action on the variety. In addition, X1 does
not depend on the generating set A (see [4, Theorem 1.1.17] for various
equivalent characterizations of affine toric varieties).

Proposition 3.4. [4, Prop. 1.2.12],[11, Prop. 15] Let Xr C K* be an
affine toric variety, oV := R>ol' C R? the cone generated by T, and o its
dual cone. The following statements are equivalent:

(a) 0 € Xr.

(b) Xr has a 0-dimensional orbit.
(¢) The cone o is of dimension d.
(d) The cone o is strongly conver.

We want to show that the higher Nash blowup of a toric variety having
a O-dimensional orbit, has a finite open cover given by affine toric varieties
with the same property. The proof of this fact is based on the following
combinatorial construction of blowing ups of monomials ideals in toric vari-
eties (see [11, Section 2.6]).

Combinatorial description of the blowup of a monomial ideal.
Let Xt C K® be an affine toric variety having a 0-dimensional orbit and
oV =Rl C R? (which is strongly convex, by the previous proposition).

(i) Let I = (z™|m € B) C K[XT] be a monomial ideal.

(ii) Let A'(I) be the Newton polyhedron of I, i.e., the convex hull in R?
of the set {m + o¢"V|m € B}.

(iii) Let m’ € B. Denote ',y :=T + N({m —m/|m € B}).

12



(iv) Given m/,m” € B, the affine toric varieties Xr , and Xt _, can be
glued together along the principal open subsets Xr , \ V(zm' =y
and Xr_, \V(mm,_m”). There is an isomorphism between these open

subsets which is induced by localizations of coordinate rings:

K[er/] am!’ = K[er”] zm’

7 17
m m

(v) The variety resulting from the previous glueing is the blowup of Xt
along I (see [11, Proposition 32]). We denote it as Bl; Xr.

(vi) Finally, let B’ = {m' € B|m’ is a vertex of N'(I)}. Then
Bl[XF = |_|m’€B’ XFm’ /N

(see the proof of Proposition 32, [11]). By proposition 3.4, for m’ € B,
Xr, , has a O-dimensional orbit. In particular, Bl; X1 has an open
cover by affine toric varieties having a 0-dimensional orbit.

Remark 3.5. The variety resulting from the previous construction is an
example of an abstract toric variety having a good action (see [11, Section
2.8]). These varieties are characterized by the fact that they can be described
in combinatorial terms by families of semigroups labeled by fans (see [11,
Theorem 44]).

In order to use the previous construction and compare it to the higher
Nash blowup of a toric variety, we need to introduce some monomial ideal. In
addition, we use the Pliicker embedding of Gr (A, K*s") into the projective

)\S n
m)—1
space P(*d’") . First, some notation.

Notation 3.6. Let A = {a1,...,a,} C Z% andT' = NA a semigroup defining
a toric variety Xt C K°.

e Given J = {f1,...,8x,,} C Aspn such that 81 < -+ < By,,, we

As,n 1
denote as Uy the affine chart of IP’(*M) where the J-coordinate is
non-zero (see definition 1.2 for the notation <).

o Let Sy = {J = {61, e 75}‘d,n} C As,n’ﬁl < =< ﬂ)\dm,det(L?}) 7é O}.
Notice that S4 # () by propositions 1.8 and 2.4.

e Foreach J = {B1,...,8x,,,} C Asn, denote my := Af1+---+ABy, .-

13



Definition 3.7. Let Z,, := (X™/|J € S4) C K[X7]. Following the usual
terminology, we call Z,, the logarithmic Jacobian ideal of order n of Xr.

Remark 3.8. In the following subsection we show that Z,, does not depend
on the set of generators of I'.

We want to apply the combinatorial description of the blowup of a mono-
mial ideal to Z,. To that end, we simplify a little the notation coming from
that description. For X™7 € Z,, instead of using I';,, as in (iii), we simply
write I' 5.

Now we are ready to prove the main theorem of this section.

Theorem 3.9. Let Xr C K?® be an affine toric variety having a 0-dimensional
orbit. Then Nash,(Xr) is isomorphic to the blowup of the logarithmic Ja-
cobian ideal of order n of Xr. In particular, Nash,(Xrt) has a finite open
covering given by affine toric varieties having a 0-dimensional orbit.

Proof. We divide this proof into two steps: the first one describes locally
Nashy,(Xr) and the second one is a glueing argument.

Step I: According to proposition 1.8 and (4), for a point p := p4(x) € Xr,
for some z € (K*)?, we have

T"Xp = Im(D" —7 ( Aﬁ*a) .
» X1 = Im(Dy(pa)) = Im(cpar Behamachan

As,n
Thus, the Pliicker coordinates of T;' Xt € Gr(Agn, K sm) — ]P’(Adin)_l are
o According to (5), for a
choice J = {B1,...,Bxr., } C Asn, where 81 < ... < By,,,, the corresponding
minor is:

given by the maximal minors of (CB,QxAﬁ_O‘)

gz &
et J

gt

Fix Jy € S4. It follows that:

+ AS,”l _1
1. If J € S4 we can make a change of coordinates in Uy, = K (Adm)
det(L%)

to turn the non-zero constant FoR( LY into 1. Thus, we can assume
Jo

that the J-coordinate of Nash,(Xr)NU,, comes with the constant 1,

for every J € Sj.

2. If J ¢ S4 the J-coordinate of Nash,(Xr) is zero. This implies that
we can embed Nash,(Xt) N Uy, in Ks+Sal=1,

14



These two remarks imply that

Zﬁig(] A/Bz

x
0
xzf’?EJO AP;

= {(pa(x),2™""%)|J € Sa\{Jo},z € (K*)?}  (7)
= Im(cppJO) c KetHlSal-1,

Nashy,(Xr) N Uy, = {(cpA(w), )!J € Sa\ {Jo},z € (K*)4}

In particular, this affine chart of Nash,(Xr) is an affine toric variety.

Step 1I: By Step I, for each J € Sa, Xt, = Nash,(Xr)NU;. Since both
Blz, Xr and Nash,(Xr) are obtained by glueing X, and Nash,(Xr)NU,,
respectively, we only nee(;l to check that the glueing is the same. ?he glueing
in Nash,(Xr) C Xp XIP’(*d:n)_ is given by the usual glueing in P(*d:n)_l, ie.,
the one induced by the following isomorphisms of localizations of coordinate
rings for each couple Ji, Js € Sa:

Klz, ... z%, 2™ ™| J € Sy ¢ {1}] ms

zm‘ll

= Kz, ... x% 2™ T2 ] € Sy ¢ {JQ}]ImJl .

wm‘]Z

This is exactly the glueing described in the combinatorial description of the
blowup of a monomial ideal. O

Remark 3.10. For n = 1, the previous theorem was proved in [9, 14, 11].

Remark 3.11. The previous theorem and its proof show that Nash,(Xr)
can be covered by open affine varieties which are invariant under the action
of a torus. This statement could be obtained directly using results of [11, 22].
Indeed, by [22, Section 2.2], the higher Nash blowup of a toric variety is an
equivariant morphism; in particular, it is the blowup of some monomial
ideal. Then [11, Corollary 34] implies the statement. We want to emphasize
that the contribution of this section is that one can take the logarithmic
Jacobian ideal of order n as such monomial ideal. In addition, we describe
an explicit method to construct this ideal.

3.3 The logarithmic Jacobian ideal of order n is independent
of the generators of I’

In this subsection we show that the ideal Z,, does not depend on the set of
generators A of I'. To that end, we need to modify temporarily the notation
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T,. We denote as Z¢ the logarithmic Jacobian ideal of order n, where C is
an arbitrary set of generators of I'.

Theorem 3.12. Let A = {a1,...,as} C Z% and B = {b1,...,b} C Z% be
such that ' = NA = NB. Then To = Taup = I. In particular, the loga-

rithmic Jacobian ideal of order n of Xv does not depend on the generators
of T.

Proof. Tt is enough to show Z4o = Zayp. Lemma 3.13 states that T4 C Zaup-
Applying repeatedly lemma 3.14 we obtain the other inclusion. O

Lemma 3.13. With the notation of theorem 3.12, Tao C ZauB-

Proof. For J € Sy, define J := {(8,0,...,0) € N**|3 € J}. The submatrix
of D™(paup) defined by J is the same as the submatrix of D?(¢4) defined
by J. Therefore J € Saup. Thus, X™ = X™J € TauB. O

Lemma 3.14. Let A be as in theorem 3.12 and b € NA. Let A" = AU {b}.
Then Ta CIy.

Proof. Consider the following partition of S4/:

Sy :={J € Sa|B(s+1)=0 forall B € J},

Sy :={J € Sx|B(s+1) > 0 for some 3 € J}.
By definition, Z4 = ({:Xm«f|j € S1}U{X™i|J € Sq}). As in the proof
of lemma 3.13, {X™7|J € S1} C Zy. We claim that {X™7[J € So} C
({X™m7]J € S1}), implying the lemma. Now, to prove the claim we show
that for J € Sy there exists J € S; and 4 € I' such that mj; = m; + 7.
First, we need some notation.

o For v < 3, let ¢y := (—1)'*31"7‘(%). Then, by definition, cg, o, =
A/
< Bi 20 efy(a]) (see lemma 2.3).

— A
® B = (Zvﬁﬁmﬂ) 67(%7

-—_ Al’y
® Uy = ((aj )>1§j§)\d,n

(that remark is stated for toric curves but it also holds for toric vari-
eties of any dimension).

>)1§j§>\d,n (cg; is the Bi-th row of L9).

. Notice that by remark 4.3, cg, = ngﬁm;ﬁo €4~

Let J = {,6’1,...,6,\“} € S9. Then det(Lf]—) # 0 and we can assume
that 51(s + 1) > 0. Then the following holds:
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1. There exists 74/ < 31 such that the matrix obtained by replacing the
Bith row of LG by v, has non-zero determinant.

2. There exists 99 € N**! such that do(s + 1) = 0 and A'6y = A’Y'.

3. There exists 6 € N**! such that § < &y, 6(s + 1) = 0, and the matrix
having as rows cs, cg,, . .. SN has non-zero determinant.

4. Let Jy := J\ {B1}U{d}. Then J; € S4 and m equals m, plus some
element in I'.

Notice that by applying 1 - 4 to any element of .J whose (s + 1)-entry is
greater than zero, we obtain J € S and %4 € I with the desired properties.
Now we prove the previous statements.

1. It follows immediately from:

Cp1 <0 €Yy
cs B
0#det(LS) =det | .| =det ;
Cﬁ)\dm Cﬂxdyn
Uy
cs
= Z € det :2
v<B1,7#0 )
Cﬁxd’n

2. If y/(s+ 1) = 0, let §p := «'. Now suppose that (s +1) = k > 0.
Since b € NA, b= >} Nia;. Let do(1) :=+'(1) + kX for I < s+1 and
do(s+ 1) =0. Then

A’50 = Z 50 al Z + k)\l a; = Z ’y al + kb= A/’yl.
=1

3. Let M denote the matrix whose rows are cs,,cg,, .. By, in this

order. If det(M) # 0 let § := dg. Suppose that det(M) = 0. Then

Uy U5,
cp cp
0=det(M) = Z €, det :2 + det ’
¥<60,77#0 ’
cﬁxdm cﬁxdm
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On the other hand, A’dy = A’y implies v, = vs, and so

Uyt Vs
cp %]
0 # det :2 = det ’
Cﬁxdm Cﬁxdm
Therefore

Uy

cp

0 # Z € det ;

v<60,7#0
C/BAdm

Thus there exists 61 < dp such that det(vs, cg, --- chd’n) # 0. If
det(cs, cp, -+ C@d’n) # 0, let 6 := d;. Otherwise repeat the previous
process. This leads to a sequence g > d; > ---. Since this sequence
cannot decrease infinitely many times, we conclude that there exists
k > 0 such that 9 > §; > -+ > 6§ =: § and det(c5 cg, - Cﬁ)‘d,n) # 0.
In addition, since 0 < dg and dp(s + 1) = 0, we have d(s + 1) = 0.

. To show that J; € S4 we only need to show that |6| < n because we
already know that det(L9 ) # 0. If [0] > n then, by lemma 1.6 (ii),
cs = 0, which contradicts that det(L9 ) # 0. On the other hand, we
know that § < g and v/ < 31. Let 69 = 0 + ¢’ and 31 =+ ++"”. Then

A/ﬁlelfyl_i_A/ //:A/50+Al ”:A/(S—FA/(S/—FA/’}/N.

This implies that m ;7 equals mj, plus an element from I'.

4 Higher Nash blowup of toric curves

In this section we study in detail the higher Nash blowup of toric curves.
In this section we use the following notation: A = {ay,...,as} C N, where
0<ay <...<asand ged(ag,...,as) = 1. Let ' = NA C N. We assume
that A is the minimal generating set of I'. Let Xt C K? be the corresponding
toric curve.

According to theorem 3.9, Nash,(Xr) is isomorphic to the blowup of

the ideal Z,,. Since I' C R, it follows that the Newton polyhedron of Z,
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has only one vertex myj, = min{my|J € Sa}. In particular, Nash,(Xr) is
determined by a single semigroup. We denote it as:

Nashy(T') :=T + N({myj —my,|J € Sa\{Jo}})-

Let us show how this semigroup looks like for n = 1. In this case,
S ={ei1,...,es}, where the €}s denote the canonical basis of N*, m., = a;,
and so min;{me, } = a;. Therefore

Nashi(I') =T + N({ax — a1|k > 1}).

Remark 4.1. The previous description is a particular case of the combina-
torial description of the Nash blowup of toric varieties given in [11, 12] (see
also [8], where the Nash blowup of toric curves is studied in detail).

We may ask the question: is there an explicit description for Nash,, (")
as in n = 17 T. Yasuda made the following conjecture in a more general
context.

Conjecture 4.2. [23, Conjecture 5.6] Let X be a formal curve with asso-
ciated semigroup I' = {0 = so < s1 < ---}. Let Nash, (') be the associated
semigroup of Nashy(X). Let '™ be the semigroup generated by sy, — sy,
where | <n < m. Then Nash,(I') =T,

In what follows we prove that this conjecture is true for toric curves.
However, in the final section we show that it fails in general.

In order to prove the conjecture in the toric case, first we need to study
carefully some maximal minors of the higher-order Jacobian matrix. In
section 2 we defined, for J = {B1,...,Bn} C A p, the matrix LG = (cg, 5)i

e s () ()

Y<Bi,y#0 v

Notice that in this case A is a vector in N° and A -~ is the usual dot product.

Remark 4.3. (a) For a fixed i, every entry of the i-th row of L has the
same amount of summands and the same coefficients (—1)1%~7l (%)
In other words, for a fixed row of L%, the amount of summands and
coefficients of its entries do not depend on j.

(b) Fix i€ {1,...,n}. We rewrite the sums cg, ; as follows:

S; S; 50
CBij — ( Zfl> + ti72< lj2> + ot < 27.kz>7
J 7 j
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where s;1 := A B, sig € {A-v|y < Bi,0 # v # Bi}f for 1 <1 <k,
and t;; € Z. Assume that s;1 > s;0 > ... > s;, > 0. By (a), {sii}s,
{tis}: and k; do not depend on j. Therefore, the i-th row of LG can
be written as:

( (87"1’1) + i (9112) + otk (Siiki)a ) (31{1) +ti2 (an) ot ik (Sihki) ) :

Now we define some elementary operations on a matrix having the same
shape as LG. Given k; € Nfori € {1,...,n}, and s;; € N\ {0}, t;; € Q\ {0}
for 1 € {1,...,k;}, consider a matrix

D= ( ti,l(sijl) +tio (532) + ik, (Sbfl) )1§i§n :
1<j<n

Notice that if we fix 4, the terms k;, s;;,t;; do not depend on j. Assume
that s;1 > sj2 > -+ > s, for all i € {1,...,n}. Finally, let R; denote the
i-th row of D.

Definition 4.4. We say that D satisfies (x) if there exist i,i" € {1,...,n}
such that s;1 = sy 1.

Using the following algorithm we show that, under some assumptions,
we can perform elementary operations on the rows of D to obtain a matrix
that does not satisfy the property (x).

Algorithm 4.5. Assume det D # 0 and that D satisfies (x).
1. Replace the row R; by ty 1 R; —t; 1 R;.

2. Since det D # 0 the new row cannot be the vector 0. Write this new
vector as:

R = ( tia (1) + 1z () o+ 1 () )15j§n’

where ¢;; # 0 for all I € {1,...,kj} and s} > -+ > séké. Notice that
81/71 > S;,l > O.

3. Let
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(i) If there exists " € {1,...,n} \ {i} such that s}, = sy, then
apply step 1 to R]. As before, we obtain a new element s;; € N
such that s;1 > s}, > s/ > 0.

(ii) If there isno i € {1,...,n}\ {i} such that s{, = s;» ; then stop.

Because of the decreasing sequence s; 1 > 3;71 > s;’ 1 > ---, this algorithm
must stop and it produces a new row that looks like

( ’U,Z'J(Tij’l) + Usj.2 (”j’2) +---+ Ui,m, (h,]ml) )1§j§n ?

where u;; # 0 for all I € {1,...,m;}, ri1 > -+ > 7im, > 0and ri1 # 11
foralll e {1,...,n}\ {i}.

Applying this process every time that the new matrix satisfies (x), we
finally get a matrix D

b= ( it () +uia () 4 i () )1§z‘§n )
1<j<n
such that 751 > -+ > 1y, for each i and r; 1 # ry 1 for all i # i
Example 4.6. Consider the following matrix:
2 2 2
| (2) (3)
b=l @ O @2
(1) B 3(1) +3(1) (2) B 3(2) +3(2) (3) B 3(3) +3(3)

Notice that D satisfies (x). Applying algorithm 4.5 to the third row we
obtain the matrix:

(7)
D= (v) —2(3) (5) -
=3() +2() +3() —3() +2(

4.1 A partial description of Nash,(Xr)

The first step towards proving conjecture 4.2 for toric curves is to determine
minjes,{ms}. Recall that for J = {f1,...,5,} C Asp, we defined mjy = A-
B1+---+A-B,. On the other hand, A-B; € I' since A is the vector formed by
the generators of I'. Therefore, it is natural to expect that minjeg, {ms} =
> 1 si. The goal of this subsection is to prove that this is indeed the case.

Proposition 4.7. Let J C Agp, |J| =n, then minjeg,{m;} = > si.
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Proof. This is proved in lemmas 4.9 and 4.13. O
This proposition gives the following partial description of Nash,(T).
Corollary 4.8. Nash,(I') =T + N({m; — Y7, si|J € Sa}).

Lemma 4.9. Let J € S4. Then mjy > s1 + --- + s,. In particular,
minJESA{mJ} > E?:l Si-

Proof. Let J ={p1,0P2,...,0n}. Using (b) of remark 4.3 we have

?] _ ( (51]1) +tig (832) + otk (szjkz) )1§i§n ,
1<j<n

where s;; € I' for each [, s;1 = A - B;, and s;1 > 850 > -+ > sip,. 1If
si1 7 sy forall 1 < # 1" < n then the statement follows.

Now suppose that there exist 5;, By € J, i # ¢/, such that s, ; = sy 1, i.e.,
L satisfies (x). Since J € Sy, i.e., det(L9) # 0, we can apply algorithm 4.5

to obtain some elements 71 1,...,m,1 € I' satisfying r; 1 # 7 for all i # ¢/
and s;1 > r;1 for some i € {1,...,n}. Under these conditions we have
n n n n
my = ZA'/Bi = Zsi,l > Zﬁ,l > Z«Si.
i=1 i=1 i=1 i=1
O

To show that minjeg,{m;} = >/, s; we need to show that, if J =
{B1,...,6n} C Asy, is such that A-3; = s;, then J € S4. In other words, we
need to study J’s such that det(L9) # 0. We do not have a characterization
of such J’s. However, in the following definition and lemma we give sufficient
conditions for J to be in Sy4.

Definition 4.10. Let J C N* be a finite subset. We say that J satisfies (x)
if the following conditions hold:

1) For all 3,8’ € J such that 8 # ', it holds A- 3 # A- .
2) For all 8 € Jand 0 # v < (3, there exists 5’ € J such that A-y = A-5'.

Example 4.11. (i) Let J = {e;,2e;,...,ne;}, where ¢; is a basic vector.
Then J satisfies (x). Indeed, 1) follows by definition and 2) by the
definition of <.
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(i1) Let J = {p1,52,...,0n} be such that A-; = s;. Then J satisfies (x).
Indeed, 1) follows by definition and 2) follows from the fact that v < g
implies A-v < A- (.

Remark 4.12. Let § € N® be such that |3| > n+1. Then A-3 > na; > s,.
This implies that for J = {51,..., 8} C N® such that A- 3; = s; for each 1,
we have J C Ay .

Lemma 4.13. Let J C Ay, |J| = n. If J satisfies (x) then J € Sux. In
particular, minyeg, {ms} <>, ;.

Proof. The last statement follows from (ii) of example 4.11 and remark 4.12.
Let J ={f1,..., B} satisfies (x). In particular, A-; # A- B for all i # i’
Assume A - 31 < -+ < A-f,. By (b) of remark 4.3, we can rewrite the
matrix LG as

S, o (S ) Stk
( CBi,j )1§i'§n = ( ( jl) +t1,2( j2) +- +tl,k‘i( j ) )1<i<na
lsjsn 1<j<n
where s;1 = A 3, s;1 > s;2 > -+, and s;; = A -y for some v < ;.

Now we do some elementary operations on the n-th row of LS:

( (S?I) + tn,z(s?a) ot g, (Snﬁ’kn) >1§j§n'

We know that s, o = A-~ for some v < f3,,. Since J satisfies (%), there exists
Bj, € J such that A-f;, = A-v = s,2. Then we sustract ¢, o-times the row
Jo to the row n, thus obtaining

(6595540 ),

/ / / / /
where s;, 1 = Sn1, Sp0 > S 3 > o, and sp2 > 5, 9. Now we have s, 5 =
A-~" for some v' < B, or some 7' < f3j,. Once again, by () we can repeat the

s s /" / "
previous process to obtain a new element s, 5 such that sp2 > sj, 5 > ;5.
Because of this decreasing sequence of natural numbers, the iteration of this
process must stop turning the n-th row into

( (5) >1§j§n'

Applying this process to the other rows of L9 in an ascending way we
obtain the matrix
()
7 1<i<n *

155<n
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Notice that s;1 = A-fB; # A- By = sy for all i # /. The following
lemma shows that this matrix has non-zero determinant, thus concluding

that J € S. ]
Lemma 4.14. Let 0 < ¢ < g < «++ < ¢, be natural numbers. Consider
the matriz L = ( (CJZ) >1§i§n . Then det L # 0.

1<j<n

2(e=1)(e—j+1)

Proof. For j € {1,...,n}, consider the polynomial b;(x) = i

Notice that if x € N, b;(z) = (f) and degb;(x) = j. Thus

L = ( (cf) >1§i§n = (bj(e) )izizn -

1<5<n 1<j<n

Now we show that the columns of this matrix are linearly independent. Let
a1,...,0, € R be such that 377 a;bj(c;) =0, for each i € {1,...,n}. Let
f(x) =30 ajbj(x). Then {c1,...,cn} are roots of f(z). But we also have
f(0) = 0. Since deg f(z) < n it follows that f(z) = 0. As degb;(z) = j for
each j, we conclude that a; = 0 for all j. In particular, det L # 0. ]

4.2 Proof of conjecture 4.2 for toric curves and some conse-
quences

Now we are ready to prove the main theorem of this section. Recall that by
definition and corollary 4.8:

L™ = N({sm — si|m > n,1 < n}),

Nashy(T) =T+ N({m; = > _ si|.J € Sa}).
=1

Theorem 4.15. T'") = Nash,,(T).
Proof. This is proved in propositions 4.16 and 4.18. 0
Proposition 4.16. Nash,(I') ¢ T,

Proof. By corollary 4.8, it is enough to show that a; € T for each i €
{1,...,s} and my — >0, s € T™ for each J € Sy.

We first prove a; € '™, For a; < s, there exists m € N such that
ma; < s, < (m+ 1)a;. Then a; = (m+ 1)a; — ma; € ™. If a; > s, then
a; + a1 > sy, and a; = (a; +a1) —ay € ),
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Now we prove that m; — Y /", s € '™ for each J € S4. Consider
J = {,81,52,... ,ﬁn} € Sy, let Si1 = A - 3; and assume $110 < - < St
Let k:=max{l € {1,...,n}s;1 < sn}.
Case I: Suppose that s;1 < s91 < -+ <51 < 8. Let 0 = {s1,...,8,} \
{si1,--- ,sp1}. Write ¥ = {rpy1,...,7}. By definition of k£ and ¢ we
obtain:

n n n n n
STED SUES ST SPTED ST SE Tl
=1 =1 =1

l=k+1 l=k+1

Case II: Suppose that there exist ¢, < k such that s;; = sy1. We
claim that for all j < k there exist r;; € I' such that s;1 —r;1 € N
and rj # rjq for all j # j'. Assume this claim for the moment. For the
elements s,, 1 with m > k, we have that s,, 1 > s, and so s, 1 —s; € '™ for
any [ <n. Let ¢ = {s1,...,sp} \ {r11,...,rp1}. Write ¢ = {rpq1,..., 7}
As in the previous case, we conclude that

my —iSz = (i:Sm - irm) + ( i S1,1 — i Tz) er.
=1 =1

=1 I=k+1 I=k+1

Now we prove the claim. Since J € S4, we can apply algorithm 4.5 to
any pair of rows of L9, i,7' < k such that s;1 = s;/1, to get a matrix

D= ( U1 (”Jl) + ui,z(”j’Q) + Ui, (njml) >1§i§n ;
1Zj<n

where ;1 # 1y for all 4,¢ < k. Let us show that s;1 — 11 € '™ for all
ie{l,...,k}. We can assume that s;1 # 7 1.

In the first run of the algorithm we obtain an element s} ; € I' such that
si1 > s;; > mi1 and s, = A -y for some v < f; or some v < fB. This
implies that s;1 — s}, € I.

On the other haild, we know that 5271 > r;1 and r;; € I Therefore
Si1 — 32,1 +71 €I and s;1 — 3271 + 751 < s,. Consider the following set
¢i = {s1 € T\{0}|s;+7i1 < s, }. This set is not empty since s; 1 *5;,1 € ¢;.
Let s; := max¢;. If s;1 + s; < s,, we have that (s;1 — 32,1 +5¢) + i =
5i.1 +St—(8271 —1ri1) < 8i1+5¢ < sy and s; 5 —8271-}-8,5 > s, which contradicts
the maximality of s;. Thus s; 1 + s > s, and

si1 —Tig = (8i1 +8t) — (st +1i1) € .
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We need the following lemma to prove the remaining inclusion in theorem
4.15.

Lemma 4.17. Let sy,,s; € I' be such that m >n > i and s, —s; ¢ I'. Let
Bm € N be such that A - B, = Sm. Then there exists By < B, such that
A - Bo > sp and |Po| < n.

Proof. 1f || < n then f,, satisfies the conditions of fy. Assume that
1Bm| > n.

Suppose first that as < s,. The set {a1,2a1,...,(n — 1)a1, a2} has n
different elements of I' implying na; > s,. Let 8 be such that |3| = n.
Then A -8 > ns; = nay > sy,. In particular, any § < 3, such that || =n
satisfies the conditions on the lemma.

Now suppose s, < ag. Then sp = ksy for all k& < n. Notice that if
Bm(j) = 0 for all j > 1, then s, — s; = |Bm|a1 — ia; € I which contradicts
the hypothesis. Thus there exists j > 1 such that §,,(j) # 0. Consider
Bo=ej, then A- By =A-e; =a; > as > s, and |fy] =1 < n. O

Proposition 4.18. T'(® ¢ Nash,(T).

Proof. Throughtout this proof we fix m,7 € N such that m > n > . Let

Sm — S; € INON

Case I: Suppose that s, —s; € I'. Then s, — s; € Nash,(I") by definition.

Case II: Suppose that s, — s; ¢ I'. Fix (3, € N® such that A - 8, = sp,.
We claim that there exist Sy € N*, Jo = {f1,...,0n} CN°,andi <1 <n

such that:

(1) Bo < Bm.

(2) A-Bj=s;foreach je{l,...,n}.
(3)

(4)

3) s—s; €T

4) J = (Jo\ {Bi}) U{Bo} satisfies (x). In particular,
A-Byp—s=my— Zsi € Nashy,(I).
i=1

Assume this claim for the moment. Let 6 € N® be such that 5, = So+9. In
particular, s,, = A- 8, = A-Bo+ A-0. Then, since A-6§ € I', we conclude

Sm—8i=(A-Bo—s;)+A-d+ (s — si) € Nash,(T).
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Now we prove the claim. We first show that there is a 8y € N* satisfying
(1) and some extra conditions needed for the proof of (4). Let T := {v €
N*|y < B }. We write this set as T' = T< U TS, where

T<:={yeT|A -y < s},
TS :={yeT|A-v> s,}.

Notice that B, € T~. Let By < B be a minimal element in 7% such that
Bo € Mgy (such an element exists by lemma 4.17). By construction, 8y has
the following properties:

a) For all v < By, v € T<.

b) For all 3; such that A - j3; = s; it holds By }_BZ- (this is true because
Bm > Po and s, — s; ¢ T implies that 3, % 5i).

Now we prove the existence of Jy = {f1,...,6,} C N and i <1 <n
satisfying (2) and (3) and some extra conditions needed for the proof of (4).
Define the set (recall that i is fixed):

Q:={s; € {s1,...,5,}|VB such that A-8" = s;, Iy < ' such that Ay = s;}.

If sj € {s1,...,sn} \ Q, consider 3; € N® such that A-3; = s; and for all
v < Bj, Ay # s;. If 55 € Q, consider any 8; € N® such that A-3; = s;. Let
Jo == {P1,...,0n} C N°. By remark 4.12, we have that Jy C As,. Notice
that Q # 0, since s; € Q. Let s; := max{Q}. In particular, s; € Q and so
s1—s; €T

It remains to prove that J := (Jo\ {5 })U{Bo} satisfies (x) (see definition
4.10). By construction and since A - By > s,, we have 1) in the definition of

Now let B € Jo \ {fi}. We want to show that if v < [ then there
exists f' € J such that A- ' = A-~. If k < this condition is satisfied (see
example 4.11). Suppose k > [ (in particular, s ¢ Q). If v < B is such that
A -~ = sj # s then by making 3 = ; the condition is satisfied. Suppose
that A -~ = s;. Since s; € Q there exists 4/ < v such that A-+' = s;. Since
~v < B, it follows that 7/ < B¢. This is a contradiction since 3 was chosen
so that for all § < 8 we have A-§ # s;. Therefore, for all v < 8, A-v # s;.
This shows that every element of Jy \ {f;} satisfies 2) in the definition of

Now consider v < fy. By property a) above, we have that A -~ < s,. If
v < Bo is such that A -~ = s; # s; then, as before, by making 8’ = f3; the
condition is satisfied. Suppose that A-v = s;. As before, there exists v/ < ~
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such that A-+' = s;. Since v < Sy, it follows that v/ < 8y. This contradicts
property b) above. We conclude that J satisfies (). O

Theorem 4.15 has two immediate consequences. The first one is about
solving toric curves by applying once the higher Nash blowup for n suffi-
ciently large. This gives a combinatorial proof of Yasuda’s theorem on one-
step resolution of curves by higher Nash blowups in the case of toric curves.
The second result is the analogous of Nobile’s theorem for the higher Nash
blowup of toric curves.

Corollary 4.19. Nash,(Xr) is non-singular if and only if s, +1 €. In
particular, Nash,(Xr) is non-singular for n >> 0.

Proof. Notice that for all m > n and i < n, we have that s,11 + 55 <
Sm + Sn, then sp4+1 — sy < 8y — 85. Thus, sp41 — sy = min{I‘(”) \ {0}} =
min{Nash,(I') \ {0}}. Then Nash,(Xr) is non-singular if and only if
Nash, (') = N({1}) if and only if 1 = s, 41 — s, if and only if s, + 1 =
Sn+1 €T

O

Corollary 4.20. Nash,(Xr) = Xr if and only if Xr is non-singular.

Proof. Suppose that X is singular, i.e., 1 < a;. We are going to show that
I' € Nashy(T'), which implies Nashy,(Xr) 2 Xr.

Let as = gay + r, where 0 < r < a1 and ¢ > 1. With this notation we
have s1 = ai,...,84 = qa1, Sq+1 = az. If n < g then s, < 54 = ga; < az and
so ag —aq € I = Nashy,(T). But we also have ag —a; = (¢g—1)ay+r ¢ T.

Suppose that n > q. Consider the following subset of I':

{sq+1 =qar +7r,(¢+ Va1, (g + 1)as + 7, (¢ +2)a1, (¢ + 2)ar +r,...}.

The elements on this subset are not necessarily consecutive elements in I'.
Therefore, for p > ¢ it follows sp;1 —s, < max{a; —7,r} < ai. In particular,
Sp+1 — Sp < a1. Thus, spy1 — sy, € Nash,(I') but s,41 — s, ¢ T O

5 Counterexample to the conjecture

In section 4 we stated and proved a conjecture by T. Yasuda for toric curves.
In this section we exhibit a family of non-monomial curves showing that the
conjecture is false in general.

Example 5.1. Consider the plane curve C' C C? parametrized by

ts (14,40 4 ¢7).
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The associated semigroup of C' is I' = {0,4,6,8,10,12, 13,14, m|m > 16}.
Yasuda’s conjecture states that the semigroup of Nash;(C) is T() = N(2,9).
However, the Nash blowup of order 1 of C is parametrized by

6 7
t (t4, 0+ 47, —¢? —t3).
= + 1 + 1
Using the first and third terms of the parametrization we obtain Nash; (") =
N(2,5). We conclude that Nash;(T') # '),

We may still ask whether the conjecture holds for n > 0. In what follows
we construct a family of plane curves {C),}n>1, with numerical semigroup
'), such that Nash,(I',) # (Fn)(”).

Fix n > 1. Consider the plane curve C), with parametrization

90(7§) = (t4,t4n+2 + t4n+3)‘

Let I';, be the corresponding semigroup. Notice that the first n non-zero
terms of I', is the set {4,8,...,4n}. In addition, the first odd number that
appears in I, is 8n+5 (it appears as the order of (t47F+2 4-4n+3)2 _ (44)2n+1),
In particular, the first odd number that appears in (I‘n)(") is8n+5—4n =
4n 4 5. We claim that 5 € Nash,(T,) implying that Nash,(T,) # (T,,) ™.

To prove the claim we need to compute some maximal minors of the

matrix
(iaa(w - w(t))ﬁ‘ )
al or« ") Bensmaehsn

Let J; = {e1,2e1,...,ne1} and Jo = {e1,2e1...,(n — 1)ej,ea}. We first
show that the minors of the submatrices defined by J; and Jo are not zero.

Let Lj, be the submatrix defined by J;. Notice that the rows of L
only consider the first term of ¢(t), which is a monomial. Therefore, by
example 4.11 and lemma 4.13, det L, # 0. In addition, by proposition 2.4,

n 3n(n+1) .
det Ly, = c¢-tXk=1%*—F — ¢.+— 2~ with ¢ a non-zero constant.

Now, for Js, notice that the first n — 1 rows of Lj, only consider the
monomial term of ¢(t). Using lemma 2.3 we obtain that the (¢, j)-entry of
Ly, is ciehjt‘”_j, for 1 <i<nand 1l <j<n. On the other hand, the nth
row of Ly, can be described as follows. Since |ea] = 1, by lemma 1.6 we
obtain

1 (p — p(t)= I = 4n + 2 pAnt+2—j 4n +3 An+3—j
7! OTi L ' j '
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Summarizing, the matrix L, is:

cehltélfl . Celyntélfn
c(nfl)el,ltzl(n_l)_l . C(nfl)el,ntzl(n_l)_n
(4n1+2)t4n+2—1 4 (4n1+3)t4n+3—1 (4n7j-2)t4n+2—n + (4nrj-3)t4n+3—n

Multiply the jth column by /. Then, for 1 <4 < n multiply the ith row by
t~%. Finally, multiply the nth row by t "2 to obtain

ce1,1 Cq,n
det Ly, = (t™5+2) det
4 +C2(n_1)ez11’1+3 o Cén_l)ei’n 3
(") e () ()

Applying the same method of the proof of proposition 4.13 in the first n — 1
rows and using basic properties of determinants, we get that

() ()

3n(n+1)
t— =2 12

det L, = det 4(;1) 4(7;1)
() ()

(0 (*)

+ T det 4(n5_1) 4(n5_1)
() )

The determinants appearing in the sum are non-zero by lemma 4.14. There-
fore det L, # 0.

Now we need to prove that det L;, has the minimum order over all non-
zero minors of the higher-order Jacobian matrix of ¢.

Consider 8 = (a1,a2) € N? and suppose that as > 0. Notice that if the
polynomial

1 am(T4 _ t4)a1 (T4n+2 + T4n+3 _ t4n+2 _ t4n+3)a2

m)! orm ¢

is non-zero, then its order is greater or equal than 4n +2 —m. Let J =
{B1,...,Bn} C Ag, be such that J # {e1,...,ne1}. In particular, the
second entry of ; is non-zero, for some i. Reorder J in such a way that
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Bi(2) # 0 for 1 < i < k and 5;(2) = 0 for k£ < j < n. Then, if j > F,
Bj =mje; with 1 <mj; <n and if j > i >k, m; # m;.

Let us show that if det L; # 0 then ord(det(Ly)) > w To begin
with,

- 1 9@ (o — ()
det Ly = 3 sgn(0) ] Jaioy = D son(@) ] 775 (gTa(i( 0,

oc€Sn i=1 ocESy =1

. . o (4) (o— Bi
where S,, is the symmetric group. Let A, = [, U(li)!aé“;ia(%@)h. The

claim follows if we can prove that, for all o such that A, # 0, ord(A4,) >

w. But this is true since:

ord(A :Zn:ord(aa(Z OT‘T(Z)( )) |t>

n

(An+2—o(i)+ > (4m;—o(j))

M» H

=1 j=k+1
= n(n+ 1) " nn+1)
— 2k AL _mnrl)
+4(nk‘+'z m;) _2k:+4Zj 5
Jj=k+1 J=1
1 1
:2k+3n(n+ )>3n(n—|— )

2 2

Using all previous claims we see that the Pliicker coordinates of Tg( 0 Ch,
for t # 0, look like:

3n(n+1) 3n(n+1) 42 3n(n+1) +3

(«oietT T et 2 degt 2T T3,

with ¢, c1, co non-zero constants. Since the coordinate defined by J; has

the minimum order, Nash,(Cy) C Uy,, i.e., the affine chart obtained from
3n(n+1)

dividing over ¢t~ 2z . In particular, the parametrization of Nash,(C),) has
the term . .

2 248

c c

Now proceed as in example 5.1 to show that 5 € Nash,(I'y,).
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